A recent paper [l] is generalized to a case where the spatial region is taken in @.
Introduction
In this paper, the discontinuous Galerkin method is applied to the following standard model problem of parabolic type:
Find u such that where R is a closed and bounded set in R3 with boundary asZ, R+ = (O,oo), Au = a2u/ax2 + a2/ay2 + a2u/az2, ut = &/at, and the functions f and uo are given data. ' This author is supported by NASA-Grant NAG-1-01092 +This author is supported by NASA-Grant NAG-1-2300
The discontinuous Galerkin method is a robust finite element method that can deliver high-order numerical approximation using unstructured grids. In this paper, region fl is assumed to be a thin body in R3, such as a panel on the wing or fuselage of an aerospace vehicle. The traditional h-as well as hp-finite element approximations are used in the z -y variables, whereas, the p-finite element method developed, e.g., in [5] , [15] , is used in the z variable which describes the region through the thickness. The application of the p-finite element method through the thickness of thin structure, as compared to applying the h-or hp-finite element discretization to all coordinate directions, enables us to avoid structuring elements in P that are too thin to satisfy the required quasi-uniformity condition (e.g. see [7] ) that is necessary to deliver stable numerical approximation. We are coining the term 'modified hp'-finite element method, as it differs from the traditional hp-finite element method which uses h-and p-finite elements on the same domain where the h-finite e!emer?t umretthcd prcvides a refineme& ef the regic:: a~d t h e p-Fiite e!eme;;t provides an enrichment. In Section 2, approximation power of the modified hp-finite element method will be investigated. In Section 3, the discontinuous Galerkin method with the modified hpfinite element approximation technique is established. Discontinuity is in time variable and time discretization is based upon the degree of singularity of 11.t1I2.
The traditional h-finite element method is employed in time. The convergence analysis given in [9] will be used. The reader is also reminded of recently published important Also they discuss the h-finite element technique in time using a class of radical mesh and obtain the algebraic convergence rate which is optimal. The radical mesh was chosen by analyzing the incompatibility between initial and boundary data. The present authors [l] established a similar time discretization technique for the discontinuous Galerkin finite element method, h-version in time, which was based upon the singularity of 1 1~~1 1~. Using this analysis, it is shown in [l] that the optimal algebraic convergence rate in time of the discontinuous Galerkin method can be obtained under more dispersed, therefore more computationally stable radical mesh than the mesh used in [16].
Approximation Power of Modified hp Elements
Let w E. R2 and I' C R be convex regions. For simplicity, it is assumed that r = [-$, $1 where d = Irl. For simplicity, the thickness, d, is assumed constant over the domain. The Sobolev space of order k defined on w x I ' is denoted by Hk(w x I') with the norm
where for each multi-integer a = (a1, a2, a3), we have let l a1 = a1 + a2 + a3 and
We note that the Sobolev norm reduces to the usual LZ norm when k = 0. In this section, a best possible error estimate is derived for approximating an element in Hk(w x I?) by the finite element function spaces. Let Kt,q denote the master triangular element defined 
Assume that a triangulation {Th}, h > 0, of w consists of {KL}Ey' and that h' = diam(K;), for I = I , . .
. , M ( h ) .
In the z-variable for through the thickness approximation, the local variable r is defined in the reference element [-1,1] and I ' is mapped onto the reference element by Qz, i.e., Clearly, QL is a linear function defined by
The Jacobian of Qz is constant Note that $i's form an orthogonal family with respect to the energy inner product (., -)E,
Also note that the internal shape functions satisfy
For the case 1 = 2 and p 1 3, the four nodal shape functions and the remaining p -3 internal shape functions given by
In this case, the internal shape functions satisfy 
with h = maxKETh diarn(K), and for some y > 0. Pp(I') denotes the space of all polynomials of degree 5 p defined on I ' . The following is proved by Babu5ka, Szabo and Katz in [5] . See also [SI The parameters k and 1 are not necessarily integral. Their proof relies heavily on the approximation power of the trigonometric polynomials.
With 1 = 0 in Theorem 2.1 and using the usual duality argument, the results in Theorem 2.1 are further improved by Babugka and S u i in [6] Similarly, the following lemma will be useful. 
where C is independent of r.
where the last inequality follows from a well known result of the approximation power of 
Discontinuous Galerkin Method
In this section, the discontinuous Galerkin (DG) method for problem (1.1) is developed.
The discontinuity is introduced in time, which allows computation to march forward in time. This, when compared with the standard continuous Galerkin method, presents an enormous saving in size of computation. The DG finite element method for parabolic partial differential equations was studied in a series of papers by Erikson, Johnson and Larsson, [8, 9, 10, 11, 121. In these papers, the convergence in time of h-finite element DG method is established for solutions which are smooth. More specifically, when the solutions are approximated by polynomials of degree T , then the algebraic error estimate of O(AtT+') as At --+ 0 is obtained. However, in many parabolic partial equations, solutions exhibit singularities at t = 0 due to the initial conditions. In a recent paper [l] , the present authors established a graded time discretization scheme that captures the transient solution to optimal precision. The graded time mesh is selected by assuming that llut112 is weakly singular. A similar study of the graded time meshes is reported recently by Schotzau and Schwab [16] . They derive a set of graded time partition points by considering an incompatibility between initial and boundary conditions. It is demonstrated in [l] that the time discretization based upon 1 1~~1 1~
provides more relaxed distribution of partition points. The paper of Schotzau and Schwab goes on t o describe the pfmite element in time and obtain an exponential convergence in spite of a singular transient phase of the solution. We will not discuss the pfinite element in time in this paper. It will be taken up in [2] in which the complete pfinite element for parabolic problems is discussed.
We begin by recalling several results from [2] that are pertinent to the present paper.
The following conditions will be assumed. Recall from Section 2 that R = w x r. Let For the discontinuous Galerkin method for (l.l), we partition R+ as 0 = to < tl < In the following, C's denote generic constants whose values change as they appear. Now,
The last equality in (3.2) is justified because of the uniform convergence of cgl Cj2e-'jzt with respect to t . Now using the fact that J~e -z z~ < 00, a simple change of variables (say, y = j&%) will show that the last expression in (3.2) is $Ct-1/2, which leads to A similar argument shows that if uj" = O(f) for some initial value function uo(z), then
llut(t)ll2 = O(t-'l4). This case arises when
decays faster than j-2.5 as j -+ 00, then I l q ( t ) l l 2 will be bounded as t -+ 0. An initial phase for small t is the well known initial transient for parabolic problems. It is the case that the smoothness of the solutions of parabolic problems vary significantly in space and time with initial transients where highly oscillatory components of the solution are decaying rapidly. Therefore, in order for numerical methods for parabolic problems to be successful, it is imperative that the methods take a careful account of time and space discretization scheme so as to capture the transient solutions. An adaptive time step control scheme was established by Eriksson and Johnson in [9] . Time steps IC, are defined by controlling the size of
where q is the order of spline used in time and = ut, uj2) = uttr uj3) = Autt and llwllr, = maxtEr, IJw(t)llz. Note that the method of Eriksson and Johnson requires some estimates concerning Ilwllr, and up) = Aut, to achieve the second and the third order convergence in time. The approach given in [l] provides convergence of any order in time for the discontinuous Galerkin method by examining only the behavior of 11.t112. where C is a constant independent of n. The solution u(z, t ) of (1. Note that u(zj, yj, re, 0), for j = 1,. . . , A4 are known from the initial condition. Also, for t > 0, the boundary values u ( z j , y j ,~$ , t ) are given. As u(3,t) = 0, for i f E XI, t E R+ in (l.l), (3.6) simplifies to (3.7)
At each time level t,, we approximate u(5, y, z, tn) = u(3, t ) by
. . N .
To start the DG finite element method, we first require u j ( t 0 ) and they are determined from ~~( 3 ) .
More specifically, for each j = 1,. For a special case, consider q = 0, -i.e., constant in time. As U" = Uny-= Un-',+ in this case, (3.8) reduces to
I n for all 21 E PO(1,) and n = 1 , 2 , . . . N . With (3.7), (3.9) becomes for each n = 1,2,. . . The foiiowing theorem can be proved by minor modifications to the proof of theorem 1.1, [9] and by making use of Theorem 2.5. The present theorem is described for S2 = w @ r E R3. Numerical experiments of the presently proposed 'modified" h -p finite element method for parabolic equations will be reported elsewhere in future.
